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Problem Definition: Local Graph Clustering

• Given an undirected graph G and seed node s, local 
clustering only explores a local neighborhood of s

• finds a cluster C with minimal conductance

local cluster C

𝜙 𝐶 =
#(𝑒𝑑𝑔𝑒𝑠 𝑐𝑢𝑡)

min{∑!∈# 𝑑 𝑢 , 𝐸 − ∑!∈# 𝑑(𝑢)}
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edge cut:

𝐺 = (𝑉, 𝐸)
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Applications

§ Community detection
q [Leskovec et al. WWW’2010]
q [Wang et al. VLDB’2015]

§ Image segmentation
q [Felzenszwalb et al. IJCV’2004]
q [Tolliver et al. CVPR’2006.]

§ Protein grouping
q [Voevodski et al. BMC Bioinformatics’2009]
q [Liao et al. Bioinformatics’2009]



Problem Definition: Heat-Kernel-based 
Local Clustering
• Heat Kernel PageRank (HKPR)

– 𝝆! 𝑣 = ℙ[random walk of length-𝑘 from 𝑠 stops at 𝑣]
– 𝑘 follows a Poisson distribution with mean 𝑡, i.e.,

𝑘
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𝜂 𝑘 =
𝑒,-𝑡.

𝑘!
• Sweep Cut

– A sweep over a sorted approximate degree-normalized HKPR
vector to find C with minimal 𝜙(𝐶)
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• HK-Relax
– Promises same absolute-error guarantees in terms 

of the degree-normalized HKPR of all nodes

Deficiencies of Existing Solutions
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Exact HKPR HK-Relax’s Results

absolute error 0.02 for both, regardless of their degree-normalized HKPR 



• ClusterHKPR
– Promises relative-error guarantees in terms of 

the degree-normalized HKPR of some nodes 
– Incurs a high complexity due to a large number 

of random walks

Deficiencies of Existing Solutions



• (𝑑, 𝜖! , 𝛿)-approximate HKPR
– For important nodes (i.e., ,' -

. -
> 𝛿)
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– For other nodes
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– Time Complexity: 𝑂(
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Our Solution



Monte-Carlo Random Walks

s
𝑣N

𝑣N

𝑣O

𝑣N *𝜌![𝑣]= Fraction of random walks stopping at 𝑣

At 𝑘-th hop from s
§ Stops with a certain probability 

that relates to k
§ Jumps to a random neighbour

ω =
" #$!"# %&'( $%&

)

*"'+
random walks Inefficient!



HK-Push: deterministic graph traversal

• HK-Push   𝑡 = 3, 𝐾 = 2, 𝑛, =
-∗/
"

– Each node 𝑣: 
• a reserve @𝜌$ 𝑣 : the portion of random walks stopped at 𝑣

• a 𝑘-hop residue 𝑟$
(1) 𝑣 : the portion of random walks of length 

k currently at node 𝑣 (not stopped yet) 

𝒓𝒔
(𝟎) 𝒔 = 𝟏 At 𝑘-th step from s

§
0(1)
2(1) ∗ 𝑟!

1 𝑣 → *𝜌![𝑣]

§ Push remaining portion to 
neighbours



HK-Push: deterministic graph traversal
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2
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Challenges

• HK-Push generates a rough approximation of 𝝆/
fast

• Monte-Carlo produces an accurate approximation 
of  𝝆/ inefficiently

• How to make use both of them to ensure
– Improved efficiency
– Strong theoretical accuracy guarantees
– Strong theoretical time complexity



TEA: HK-Push + Random Walks

𝑣

Rolling a biased dice, with 
a certain probability based 
on its residue, it shows 𝑣!

1 At ℓ -th step, with a certain
probability, the random walk
stops, otherwise, jumps to a
random neighbor

2

If the random walk ends at 
𝑣, increase 𝑣’s approximate 
HKPR by a constant, 
otherwise 0

3
𝒗𝟓



TEA: Analysis

• Time complexity: 𝑂(/%&'(6/,&)*"'∗+
)

• Space complexity

𝑂(𝑚 + 𝑛 +
𝑡log(𝑛/𝑝8)
𝜖9" ∗ 𝛿

)

Still many random walks to perform.
How to reduce the number of random walks without
• increasing the cost of HK-Push, &
• degrading theoretical guarantees ?



Our Observation
𝑡 = 3, 𝜖8 = 0.9, 𝛿 = 0.1
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Only node 𝑣9 does not have an accurate approximate normalized HKPR  
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TEA+: Pruning Random Walks

𝑡 = 3, 𝜖8 = 0.9, 𝛿 = 0.1

𝑟$
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TEA+: Analysis

• Time complexity: 𝑂(EFGH(I/K!)
L"#∗M

)

• Space complexity

𝑂(𝑚 + 𝑛 +
𝑡log(𝑛/𝑝!)
𝜖"# ∗ 𝛿

)



Experimental Setup

• Environment: a Linux server with a Intel 2.60GHz CPU and 64GB 
RAM. 

• Query set: 50 seed nodes uniformly at random as our query sets.
• Our methods

– TEA and TEA+ (𝑡 = 5, 𝑝# = 10$%)

• Competitors
– Monte-Carlo: random walks (HKPR)
– ClusterHKPR: truncated random walks (HKPR)
– HK-Relax: deterministic graph traversal (HKPR)
– SimpleLocal: three-stage local max flow
– CRD: capacity releasing diffusion



Datasets



Comparisons with Competitors
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